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Abstract 

Our main objective is to study how braneworld models of higher codimension differ 
from the 5D case and traditional Kaluza-Klein compactifications. We first derive the 
classical dynamics describing the physical fluctuations in a wide class of models incor- 
porating gravity, non-Abelian gauge fields, the dilaton and two-form potential, as well 
as 3-brane sources. Next, we use these results to study braneworld compactifications 
in 6D supergravity, focusing on the bosonic fields in the minimal model; composed of 
the supergravity-tensor multiplet and the U[\) gauge multiplet whose flux supports the 
compactification. For unwarped models sourced by positive tension branes, a harmonic 
analysis allows us to solve the large, coupled, differential system completely and ob- 
tain the full 4D spin-2,1 and particle spectra, establishing (marginal) stability and 
a qualitative behaviour similar to the smooth sphere compactification. We also find 
interesting results for models with negative tension branes; extra massless Kaluza-Klein 
vector fields can appear in the spectra, beyond those expected from the isometrics in 
the internal space. These fields imply an enhanced gauge symmetry in the low energy 
4D effective theory obtained by truncating to the massless sector, which is explicitly 
broken as higher modes are excited, until the full 6D symmetries are restored far above 
the Kaluza-Klein scale. Remarkably, the low energy effective theory does not seem to 
distinguish between a compactification on a smooth sphere and these singular, deformed 
spheres. 
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1 Introduction 



Almost two decades on, branes are evermore ubiquitous in the models constructed to under- 
stand particle physics and cosmology, with all their How?'s and Why?'s. As fundamental 
objects, they are the D-branes and NS-branes (or M-branes) of string (or M) theory, but 
within a low-energy effective field theory description, they are introduced as braneworlds. 
Often these braneworlds are considered as infinitely thin but finite tension objects, like for 
their more fundamental cousins, although sometimes it proves necessary to resolve their 
structure by adding some thickness. 

A codimension one brane necessarily forms a boundary in the bulk space, since there 
is no path which can lead from one side to the other without traversing the brane. The 
gravitational backreaction of these objects is well understood; whilst the metric is continuous 
across the brane, its first derivative can have finite discontinuities. Branes with more than 
one transverse dimension are qualitatively different, and much harder, due to their sourcing 
of singularities in the transverse space. Still, codimension two branes can also be handled 
with some control; they backreact on the geometry in such a way as to produce relatively 
mild conical singularities. 

The construction of solutions sourced by branes, with up to two codimensions, in various 
field theory models is by now a well-developed art. In 5D, the archetype is of course the 
construction of Randall and Sundrum [Tl[2]. In 6D, we take the general warped braneworld 
compactifications ( "conical-GGP solutions") of 6D N=l gauged supergravity [3j found in 
[U [5] as representative. These solutions additionally invoke fluxes, which are also playing a 
dominant role in string compactifications today, and indeed models with two extra dimen- 
sions are the simplest in which flux compactifications can be studied. Having established the 
solutions, we can begin to ask about their physics: Are they stable to small perturbations? 
What are the symmetries and particle content of the low energy effective field theory? Is it 
chiral? What are the modifications to 4D Einsteinian gravity? What would be the effective 
vacuum energy measured by a 4D observer? What role do the branes play in these and 
other phenomena? And so on. 

The first step towards answering these questions is to analyze the classical spectra of 
small fluctuations around the solution. A number of such studies have been made recently 
for the conical-GGP solutions. In [6] we worked out the spectra for certain 4D gauge fields 
and fermions present in the model and no tachyons or ghosts were found amongst them. A 
similar (marginal) stability was found in [7], where the axially symmetric modes for some 
of the scalar perturbations were calculated. The spectrum for the gravitino has also been 
analyzed in [8]. In [9], meanwhile, we studied the tachyonic instabilities that can arise from 
the non-axially symmetric, 4D scalar fluctuations descending from 6D gauge flelds, and 
charged under the background fluxe^. Whether a given model with a given flux suffers 
from this instability turns out to depend on the tensions of the branes present. 

We now intend to complete the spectral analysis for the bosonic fluctuations about the 
braneworld solutions of 6D supergravity. Our particular focus in this paper is on the so- 
called Salam-Sezgin sector - that arising from the supergravity-tensor multiplet and the 

*The end point of this instability is studied in [10] , 
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U{1) gauge multiplet in which the background monopole Ues - which was partially treated 
in iml?]. The remaining sectors have been completed elsewhere [6119]. We will calculate the 
corresponding spectra for the 4D spin-2 and - for unwarped backgrounds - spin-1 and spin-0 
fields. The model that we are studying is complicated, and technically difficult. However, 
this goes hand in hand with its advantage of generality, and indeed the results for several 
simpler scenarios can be extracted from our work at its various stages. 

Our approach will be that established in [12], where a formalism was developed to 
analyze the spectra of small perturbations about arbitrary solutions of Einstein, Yang-Mills 
and scalar systems. The first part of this paper can be considered as a generalization of that 
work, where we now include the presence of thin source 3-branes and extra bulk fields that 
are generically present in supergravity theories; the dilaton and anti-symmetric two-form 
potential. With little extra cost, we actually keep the number of dimensions transverse to 
the brane general. 

We first derive the general form of the bilinear action that describes the behaviour of 
small fluctuations. For codimension-two or higher, we include fluctuations of the brane 
positions in the transverse directions, the so-called "branons". We then apply the light- 
cone gauge (for bulk flelds) and static gauge (for branons) to restrict to physical degrees of 
freedom, and decouple the dynamics for the spin-2, -1 and -0 fluctuations. The gauge-fixed 
bilinear action thus obtained provides the starting point to calculate the Kaluza-Klein (KK) 
spectra for the conical-GGP solutions, as well as, for example, the 5D Randall- Sundrum 
models and the non-supersymmetric Einstein- Yang Mills (-dilaton) model in any dimension. 

In the second part of this paper, we use these general equations to study the behaviour 
of braneworld models in 6D (along the way also recover some of well-known aspects of 
the 5D scenarios). Here, since we include the backreaction of the branes, the dynamics 
of the branons are not well-definecH. Therefore, to study the spin-0 sector, we choose to 
truncate the branons by e.g. placing the branes at orbifold fixed points, or taking the brane 
tensions to be very large making the branes rigid within our range of validity. Meanwhile, 
the conical singularities in the curvature that are induced by the codimension two branes 
do not prevent us from understanding the behaviour of the bulk fiuctuations. 

We are able to derive the spectrum for the 4D spin-2 fields in the model's full warped 
generality. The spin-1 and spin-0 sectors present large coupled differential systems, and by 
finding a set of harmonics on the 2D internal space ( the "rugbyball" ) , we are also able to 
solve these systems analytically for the unwarped case. In this way, we obtain all the 4D 
modes for unwarped compactifications with positive tension brane sources, and qualitatively, 
we observe the same behaviour as in the smooth sphere compactification without branes - 
including marginal stability. 

In the presence of negative tension codimension-two branes, meanwhile, the physics can 
surprise. Here, despite the fact that brane sources clearly break the SU (2) isometries of 
the sphere to U{1), three massless spin-1 field^ can be found amongst the KK spectra for 
special values of the conical deficit angle. These special deficit angles, 5 = — 27r, — 47r, . . ., 

^Indeed, the behaviour of the branons is usually considered under the probe brane approximation, in 
which the brane tension is much smaller than the bulk gravitational scale, so that the backreaction can be 
neglected [T31IT4] . 

^In addition to any massless gauge fields arising from unbroken higher dimensional gauge symmetries. 
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allow three Killing vectors to be well-defined everywhere outside the branes, although only 
one of them can be globally integrated to an isometry. 

Whether or not the massless vectors are gauge bosons of an enhanced gauge symmetry 
in the 4D theory can be understood by going beyond bilinear order and considering the 
interaction terms. We find the presence of KK modes that are not in well-defined repre- 
sentations of the SU{2) generated by the Killing vectors, and therefore the full 4D theory 
does not enjoy an SU (2) gauge symmetry. For this reason, we do not expect the classical 
masslessness of the vector fields to survive quantum corrections. Meanwhile, all our bosonic 
massless modes do fall into well-defined SU{2) representations, and therefore we argue that 
the classical low energy 4D effective field theory - obtained by truncating to the massless 
sector - does enjoy an enhanced KK gauge symmetry beyond the isometries! Moreover, it 
appears that the low energy theory does not distinguish between compactifications on the 
smooth sphere and these singular, deformed spheres. 

Let us now give an outline for the remainder of the paper. The first part presents a 
rather general analysis that determines the dynamics of perturbations in braneworld com- 
pactifications. In the next section, we introduce the model (both theories and background 
solutions) and discuss the scenarios to which our analysis can be applied. In Section 3, we 
introduce the perturbations about the background, obtain the bilinear action that describes 
their dynamics, and discuss the local symmetries of this action. In Section 4, we use these 
symmetries to fix to the "light cone static gauge" , and give the bilinear action in this gauge, 
in which the different spin sectors decouple. 

Then begins the second part, which uses the previous results to study the 4D fields 
that emerge in various scenarios. In Section 5, our main interest is in the braneworld 
solutions of 6D supergravity, but we also discuss a non-supersymmetric 6D model and the 
5D Randall-Sundrum models. In the main text we present the KK spectra for spin-2 and 
spin-1 fields and identify the massless spin-0 fields; the complete spin-0 sector can be found 
in the appendices. Finally, we understand in detail the physical significance of the extra 
massless 4D vector modes that can appear in the spectra, and the gauge invariance that 
emerges in the 4D theory. 

We summarise our results in Section 6, before concluding in Section 7. 



2 The Model 

We begin with the definition of our model. The main focus of the present paper will be a 
class of bosonic 6D field theories with thin codimension-two branes. In particular we are 
interested in the bosonic part of 6D N=l gauged supergravity [3]. However, throughout 
the article we shall keep a general space-time dimension D as far as possible, and certain 
truncations of the field content allow our analysis to be applied to several different scenar- 
ios, including the non-supersymmetric Einstein- Yang-Mills theory or the Randall-Sundrum 
Model. 
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2.1 Field content 



The basic ingredients of our model are the higher dimensional metric Gmn, where the 
space-time indices run over M,N,... = 0,...,D — 1, and the gauge field Am of a compact 
Lie group G. These are bulk fields in the sense that they depend on all the space-time 
coordinates . 

We also want to consider a certain number M of 3-branes embedded in the D-dimensional 
space time. To do so we introduce, following Ref. M functions {x^), k = 1, ...,M , 
which represent the positions of the branes in the D-dimensional space time. The Xk 
represent the 4D coordinates on the brane, x^ = {^c^}, where a,P,... are the 4D indices. 
Not all the space-time components of [xk) are physical degrees of freedom: 4 space- 
time components for each k can be gauged away by using the 4D (general) coordinate 
transformation invariance acting on xt [.15j, as we will explicitly do in Subsection 14.11 
We consider Y^{xk) to be a brane field because it depends only on a 4D world- volume 
coordinate. These fields are important to introduce the branes in a covariant way, and 
indeed we can construct the induced metrics on the branes by means of 



In order to complete the bosonic part of the 6D supergravity, one should add other bulk 
fields in addition to Gmn and Am^ that is a dilaton (j) and a 2-form field Bmn, which emerge 
from the graviton multiplet and an antisymmetric tensor multiplet [3|. We will refer to Bmn 
as the Kalb-Ramond field. Moreover, concerning the 6D supergravity, we shall assume that 
^ is a product of simple groups that include a U{l)ji gauged R-symmetry. In general one 
can also add some hypermultiplets [3], which turn out to be important to cancel gauge and 
gravitational anomalies [16^ [T7] . In the bosonic sector this leads to additional scalar fields 

(hyperscalars) in some representation of Q; however, from now on we set = 0. We do 
so because we are interested in the linear perturbations which mix with the D-dimensional 
gravitational fluctuations Hmn- indeed, for the class of backgrounds we are interested in 
(see Subsection l2.3p . the decouple from Hmn- Their inclusion should be straightforward. 

Therefore the bulk and the brane field contents that we consider are respectively: 



The dots in the second set of (12. 2p represent additional brane fields that we can always 
introduce, but which are not required by general covariance; for example they can be the 
fields of the Standard Model (SM). 

2.2 The action 

We split the action functional S into the bulk action Sb, which depends only on the bulk 
fields, and the brane action Si, that is a functional of the brane fields as well. 



gtp = GMNiYk{xk))do,Yi'ixk)df^Y^\xk) . 



(2.1) 



{Gmn, Am, 4>, Bmn} and {Yif'^ (xk), ■■.} ■ 



(2.2) 
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The bulk action i!£|[3] 

Sb = I d^xV^!^^\^R-\id<pfj-\e'^/'F' -^e'^HMNpH'^''^ -V{^)Y (2.3) 

where G is the determinant of Gmn and k is the D-dimensional Planck scale; alsclfl F"^ = 
FmnF^^ and {d(t)f = ducpd^^cj). The explicit expression for the gauge field strength Fm n 



Fmn = QmAn - On Am + qAm x An, (2.4) 



where g is the gauge coupling, which in fact represents a collection of independent gauge 
couplings including that of the U{l)pi subgroup, gi. Hmnp is the Kalb-Ramond field 
strength, which contains a Chern-Simons coupling as follows [18j: 

Hmnp = OmBnp + FmnAp - ^Am (An x Ap) + 2 cyclic perms . (2.5) 

The function V(0) is the dilaton potential. In the supersymmetric model this is fixed to be 

Meanwhile, we consider the following 3-brane action 



Sb = yZ{-Tk d^XkV^ ]=-T d^xV^, (2.6) 



where g^ is the determinant of (12. 1|) and Tk are the tensions of the branes. From now on 
(unless otherwise stated) we suppress the index k, as we have done on the right hand side 
of ()2.6p . The reader may have noticed that we have not introduced the Gibbons-Hawking 
boundary term, which is generically necessary to treat codimension one branes [19]. Indeed, 
we shall apply our analysis only to those codimension one models whose branes are placed 
on orbifold fixed points, in which case the Gibbons-Hawking boundary term is not present 

m- 

We can summarise by saying that our analysis will apply to the following two types of 
models: 

1. 6D N=l gauged supergravity. 

2. Einstein- Yang-Mills theories, with a dilaton or cosmological constant A, for a general 
space-time dimension. 

The second case includes, for example, the RS models [H [2] or the non-super symmetric 6D 
Einstein- Yang- Mills-A (EYMA) model [13^ I21j. They can be obtained by simply fixing the 
appropriate dimension and setting Hmnp = 0, 4> = and V(0) = A. Even if our main 



^We choose signature ( — , +, .., +), and define Rmn^s = dhiF^g — On^ms + ^mp^ns ~ ^np^ms a-^id 

RmN = RpM N- 

*A trace overall is understood when we write a product of Lie algebra valued objects: e.g. in Eq. (|2.3|l 
= Tr{F^). 

®We define the cross-product as (.4m x .4jv)^ = f^'''^ A'mAm, with /^"^^ the structure constants of Q: 
[t', T-'] = if'-^'^T^, where T' are the generators of g. 
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interest is in models of Type 1 we will also consider the second class for several reasons. In 
this way, we will see that our results can be applied in quite general contexts, and it will 
also provide interesting additional ways to check our formulae. Moreover, in the future it 
should help us to figure out the role of supersymmetry in the linear perturbations. 

Finally, it is important to note that the actions Sb and Sb are invariant with respect 
to both the D-dimensional and the 4D coordinate transformations (acting respectively on 
X^^ and We will discuss the local symmetries of the present model and an explicit 
gauge fixing for the linear perturbations in Subsections 13.21 and 14.11 

2.3 The equations of motion (EOMs) and solutions 

The EOMs that follow from the variation of the action Sb + are: 



-9 



--da 



R 



D 



MN 



N 



1 



2Av2' 

-gGMNd'^Y^) 



Y 



1 



qMN p2 



-G 



MN 



0, 

dv_ 

]^dMGNP ay^-ay^, 



(0) + £e0/2i72 



Tk^B 



MN 



•d 



(2.7) 
(2.8) 
(2.9) 
(2.10) 



where we have fixed Hmnp = 0, since our interest shall be in backgrounds that enjoy 4D 
Poincare invariance. Moreover, in Eq. (12. 9p and (12.101) we have introduced the notation 
D'^cf) = DmD^^, where Dm is the covariant derivative, and dY'^^ ■ dY^ = d^Y^^d^'Y^. 
Recall also that we have suppressed the index k on Yj^'^ , which labels each of the branes. 

represents the brane contribution to the Einstein equations, where 



(2.11) 



The last term in ([27 
B^^ is defined by 



B^^^iX) = i y (fx^/JjG 5{X - Y{x)) dY^^^ ■ dY^ ■ 



we note that the bulk quantity G in (j2.1ip is computed at the position of the brane 
(G = G{Y)) because of the presence of the Z)-dimensional delta function 8{X — Y{x)). 
Furthermore, since Eqs. (|2.10p come from the variation of the brane action with re- 
spect to y^^, there the bulk fields Gmn and OmGnp are computed at the brane position 

{Gmn = Gmn{Y) and OmGnp = duGNpiY)). 

In the present paper we will focus mainly on the following ansatz solution to (|2.7p - (j2.10p : 



A 



constant 



ds^ = e^^P^rj^.dx'^dx'' + dp'' + e^^P^Kmn{y)dy"'dy'' 



Ani{p,y)dy''' 



(2.12) 
(2.13) 
(2.14) 
(2.15) 
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Hmnp = , 



(2.16) 
(2.17) 



where // = 0, 1, 2, 3, m = 5, 4 + D2., m = {p, m) (we have D = 5 + D2) and and Kmn 
are respectively the coordinate and the metric on the D2-dimensional space. Eq. p. 120 is 
not really an assumption because we can always use the 4D general coordinate invariance 
on the branes to set ()2.12p . Eq. (12.130 is instead a non trivial assumption. Moreover, in Eqs 
()2.14p - (j2.17p we are assuming that the bulk field background has a 4D Poincare invariance 
and that the functions A, B and (f) depend only on the coordinate p. We will also assume 
A to lie in the Cartan subalgebra of Lie(^). 

One of the simplest models that can be described by this set up is the Randall-Sundrum 
(RS) model [I], where we have I? = 5, (/> = and ^ = and the internal space is /Z2 
with two branes on the fixed points of Z2, say at /O = and p = nvc- The explicit form of 
the solution is given by 



where A; is a positive constant. The object \p\ in (j2.18p is equal to the absolute value of p in 
the region — vrrc < p < ttTc and its value anywhere else is obtained by periodicity. In order 
for (f2T8]) to be a solution one needs Ti = -T2 = 12k/ and A = -Uk'^/K^. In Section El 
we shall use this very well-known solution to check the result given in Section [H 

However, in this paper our main interest lies in the analysis of a class of solutions found 
by Gibbons, Giiven and Pope (GGP) [1| to the 6D supergravity: the general set of warped 
solutions with 4D Poincare symmetry, and axial symmetry in the transverse dimensions. 
Here we give only a subset of this general class, namely that which contains singularities 
no worse than conical and therefore can be sourced by brane terms of the form ()2.6p . 

To give the explicit expression of the conical-GGP solutions, it turns out to be useful to 
introduce the following radial coordinate [6] 



A = -2k\p\, Yf = 0, Y^ = TTr, 



(2.18) 




(2.19) 



whose range is < n < u 



7rro/2. In this frame the metric reads 



(2.20) 



The explicit conical-GGP 



solution£^ are then the following particular 



case of the ansatz 



(im-dllTD i4j: 




A 



Q dip 



(2.21) 
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The coordinate u is related to the coordinate r in ^ by r = ro cot(u/ro). 
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where q and a are generic real numbers and Q is a generator of a U{1) subgroup of a simple 
factor of Q, satisfying Tr(Q^) = 1. Also, 

/o = 1 + cot^ (-) , /i = 1 + 4 cot^ (-) , (2.22) 
\roJ r{ \roJ 

with Tq = K? /{2gl) and = S/q^. 

This solution is supported by two branes located at w = and u = u. Indeed, as u ^ 
or M — > M, the metric tends to that of a cone, with respective deficit angles 

S = 2iT (^1 -\a\^^ and ^ = 27r (1 - |q|) , (2.23) 

and corresponding delta-function behaviours in the Ricci scalar. We will take a > without 
loss of generality. The tensions of the two branes T and T are related to the deficit angle 
as follows P"2J: 

T = 26/k^ and T = 25/k'^. (2.24) 

Unlike the RS solution, here the warp factor is smooth on the brane positions u = and 
u = u. In particular we have 

"^0'^ constant / 0, d^e^ "^"'"^ 0. (2.25) 

By using (j2.25|) . (|2.12|) and (|2.13|) . it is also easy to check that the conical-GGP config- 
uration satisfies the F-equations ()2.10p in addition to the bulk EOMs ()2.7p - ()2.9l) . 

The expression for the gauge field background in Eq. (j2.2ip is well-defined in the limit 
^ 0, but not as n — > u. We should therefore use a different patch to describe the 
u = u brane, and this must be related to the patch including the u = brane by a single- 
valued gauge transformation. This leads to a Dirac quantization condition, which for a field 
interacting with A through a charge e gives 

4a5 n g 

— e = — e a = A* , (2.26) 

Kq ro gi 

where N is an integer that is called monopole number and 'g is the gauge coupling constant 
corresponding to the background gauge field. For example, if A lies in C/(l)/j, then 'g = gi- 
The charge e can be computed once we have selected the background gauge group, since 
it is an eigenvalue of the generator Q. Also, note that the internal space corresponding to 
Solutions (j2.2ip has an 5^ topology (its Euler number equals 2). 

Finally, we observe that one can obtain the unwarped "rugbyball" compactification |21j 
simply by setting tq = ri. In this case the metric is 

ds^ = rj^^dx^dx" + ^ {de'^ + sin^ 9 V) ^ (2.27) 

where 9 = 2u/rQ, and the background value of the dilaton is zero; therefore this is a solution 
also to the non-supersymmetric 6D EYMA model. For a < 1 the deficit angle is positive. 
The geometry is also well-defined when a > 1 and the deficit angle is negative; we name these 
spaces "saddle-spheres" (see [9] for a detailed discussion on their properties). Moreover, we 
can smoothly retrieve the sphere compactification (with radius ro/2) by taking a = 1 in 
addition to ro = ri. 
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3 General Perturbations 

The main purpose of this paper is to study the hnear perturbations in the above models. 
We therefore perturb the fields in ()2.2p as follows: 



Gmn Gmn + huN, -A^M -^M + Vm, 4> ^ (p + t, 

Bmn ^ Bmn + bMN, Y^' ^ + e'- (3.28) 

The first terms in the right hand sides of (j3.28|) represent the background quantities of the 
corresponding fields. In fact, it is useful to introduce another 2-form field Vmn in order 
to describe the fluctuations of the Kalb-Ramond field. This can be done as follows. Since 
a MNP appears only quadratically in ()2.3p . and Hmnp = at the background level due to 
4D Poincare invariance, the linear approximation (which corresponds to the bilinear level in 
the action) involves only the linear perturbation of Hmnp, that we denote witlJ^ H^^jj^p, 

H^Snp = [d{b2-A^V) + 2F^ y],,^p , (3.29) 

where we have used the notation of p-forms and 62 is the fluctuation in the Kalb-Ramond 
2-form, A and F the background values of the gauge field and its field strength respectively 
and V the perturbation of the gauge field. We now introduce the 2-form V2 as follows: 

V2 = K{h2-A^V), (3.30) 

whose components will be denoted by Vmn- H^mnp expressed in terms of V2 

and V: 



Knp = ( -dV2 + 27F A y ) , (3.31) 

V / MNP 

where we have introduced a new parameter 7; for 7 = 1 we recover the structure of H^j^j^p 
required by the 6D supergravity, whereas for 7 = the fluctuations of Vmn are completely 
decoupled (at the linear level) from the rest. This will allow us to treat simultaneously the 
6D supergravity and the EYMA models. 

Finally, we note that the fields S,^'^{x) describe the fluctuations of the brane positions, 
and as such they are 4D fields. 
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3.1 Bilinear action 

Here we provide the linearized theory which corresponds to the bilinear approximation in 
the action. The bilinear action has been computed by considering the variation of Sb + 
under (13.280 and by keeping only terms up to the quadratic ordeio. We split it into different 
contributions as follows: 

S{h, h) + S{V, V) + S{h, V) + S{t, t) + S{h, t) + S{V, t) 

+S{V2, V2) + S{V, V2) + S{i, + S{h, e) , (3.32) 

Since the background Hmnp = 0, and the background monopole, A, hes in the Cartan subalgebra, we 
see that the exterior derivative acting on the background Kalb-Ramond potential B2 must be zero. Also, 
AaA = Q. 

^^The EOMs (fTTt - lfTTUIl guarantee that the linear terms vanish. 
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where S{h,h) is the bihnear action that depends only on the fluctuations hMN, S{h,V) 
represents the mixing term between Hmn and Vm and so on. We have S{h, V2) = S{t, V2) = 
as a consequence of our background ansatz, for which Hmnp = 0. We give here the explicit 
expressions for the bilinear action that depend only on the bulk fields; the dynamics of the 
fields, are explicitly given in Appendix [Al We find: 



S{h,h) 



1 d'^X^ < 


\ 1 




2k2 



1 



i^NP I, ;Af 1 , ;Aft 



1 



R^h'^ 



T 
'2" 



B {hpAjh — hhMN) + 2^ hMNhpR 



(3.33) 



where the semicolon denotes the (background) gravitational covariant derivative, h = 
G^^^ hMN, ^MN^R Riemann tensor for the background metric and we have defined 



(3.34) 



and 



B 



MNPR 



rR^ 



(3.35) 



The term proportional to B^^^^^ in the last line of (j3.33p is the contribution to S{h, h) 
coming from the brane action Sh-, whereas the term proportional to B^^^ comes from the 
EOMs (|2.7p . which we have used to write S{h, h) in the form (|3.33p . Moreover, 



S{V,V) 

5(r,r) 
S{Kt) 



d^X^/^ 



(3.36) 



^Af 1 ,(3.37) 



d^X^/-G 



hT 



1 



4 



T hMN 



(3.38) 



(3.39) 
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S{V,t) = Jd^'X^/^ -^e^/^FMN{D^'v''-D''V^')T , (3.40) 

SiV2,V2) = -^y"d^X^e^F[;vP;Af]^^™l, (3.41) 

S{V,V2) = -^^ld''X^e^V[^p,M]F^'"'vP\ (3.42) 

where 

F[mnVp] = FmnVp + 2 cyclic perms, V[np-m] = Vnp-m + 2 cyclic perms. 

We would like to remind the reader of the assumptions we have made to derive ()3.33p 
and (|336]) - (l3:i2D (and (IA.110l) - (|A.llip given in Appendix [A]): 

• If the Kalb-Ramond field and the term HmnpH^^^^ in (j2.3p is not included, then 
the only assumption we made is that the background satisfies the EOMs ()2.7p - ()2.10|) . 

• If the Kalb-Ramond field and the term Hj^ij^pH^^^^ in ()2.3p is instead included, we 
also assumed D = 6 and the background gauge field A to lie in the Cartan subalgebra. 

We observe that if we want to focus on the D-dimensional EYMA system we can restrict 
ourselves to the terms S{h, h), S{V, V) (for 7 = 0), S{h, V) and the ^-dependent terms given 
in Appendix lAl Instead, if we want to consider the 6D supergravity, we should put 7 = 1, 
V(^) = 8 gf e~'f'^'^ / and also take into account the terms (j3.38p - (|3.42p . Finally, we note 
that our results reduce to those of Ref. y[2| which studies a general non-supersymmetric 
class of thick brane models, once we take T = 0, 7 = and we neglect the fluctuations 
Vmn- 



3.2 Local symmetries 

As a consequence of the local symmetries of the complete model, the linearized theory also 
possesses a number of local symmetries: 



ShMN = -rjN-M - VMiN, (3.43) 

6Vm = -V^Flm-DmX, (3.44) 

St = -v'^dMcb, (3.45) 

SVmn = '^IKxFmN + AAr;M - AM;Ar, (3.46) 

^^M ^ rj^ (Y) - CdaY^ . (3.47) 



Eqs. (j3.43p . (|3.44p and (|3.45p represent the effect of the local symmetries (descending 
from the D-dimensional coordinate transformation invariance and gauge symmetry) on the 
metric, the gauge field and the dilaton fluctuations (see e.g. Ref. [12]). The bulk functions 
r] and x &re the gauge functions associated with the L'-dimensional coordinate invariance 
and gauge symmetry. 
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Eq. ()3.46p represents instead a local symmetry acting on Vmn, which descends from 
both the gauge symmetry and the Kalb-Ramond svmmetrM^i. For this reason x ^-nd A m are 
independent (bulk) gauge functions. Let us explicitly check (13.460 . To do so, it is enough 
to verify the invariance of the 3- form (j3.3ip under ()3.44p and ()3.46p . We have 

= -d {6V2) + 27F A6V = 2jd {xF) + 2jF A{-r]-F- Dx) , (3.48) 

where we have used d^A = and 77 • F represents the 1-form with components r]^ Fmn- 
Now, by using the 4D Poincare invariance of the background and D = 6, which we always 
assume in the presence of the Kalb-Ramond field, we have F A (ij ■ F) =0 and F A ^ = 0; 
also, by remembering that A is assumed to lie in the Cartan subalgebra, we have dF = 0. 
These equations are sufficient to conclude 6H^^^ = 0. 

Finally, Eq. ()3.47p represents the local transformation of the perturbation of the brane 
position, descending from the Z)-dimensional coordinate invariance and the 4D brane co- 
ordinate transformation invariance (respectively the first and the second term on the right 
hand side of ()3.47p ): the latter invariance is associated to C° (a function of x"'), which 
represents another independent gauge function. 

4 Perturbations in the Light Cone Static Gauge 

Having derived the general bilinear action, we now have to choose a gauge in order to 
study the physical spectrum. In this section we will discuss our gauge choice and give the 
corresponding bilinear action. 

4.1 Gauge fixing 

We have two types of local symmetries: the bulk local symmetries (which include the 
D-dimensional coordinate transformation invariance, the gauge symmetry and the Kalb- 
Ramond symmetry) and the 4D coordinate transformation invariance on the brane. Let us 
start with the first group. 

A very convenient gauge choice for the bulk local symmetry is the light cone gauge, as 
it ensures that the dynamics of sectors with different spin decouple at the bilinear levels. 
Another advantage of the light cone gauge is that it does not involve gauge artifacts such 
as Faddeev- Popov ghosts, but contains only the physical spectrum [231 [2ll ES] . To define 
this gauge, let us introduce x^^^ = (x^ it x*^) /\/2 and A^^^ = {^A'^ it A^^ /V^, for a general 
vector A^^. Then the light cone gauge is defined by 

= , /i(_)M = , F(_)M = , V Af . (4.49) 

It can be proved that, after imposing (j4.49p . the (+) components of the different fields 
(i.e. V(_|_), /i(+)M and V(+)a//) are not independent, but can be expressed in terms of the 

^^By Kalb-Ramond symmetry we mean the local invariance under B2 B2 + dA of the action, where A 
is a general 1-form. 

^*This has been observed in other studies, for example [241 1251 HEl I12| . 



14 



other components by means of constraint equations [241 125^ [T2]. We therefore end up with 
the following independent bulk fields: hij, him, Vi, Vim, hmn, Vm, Vj, and r, where 
i, J, ... = 1, 2. In particular the field equation simply leads to the constraint 

/i = 0, (4.50) 

which brings a considerable amount of simplification. 

Concerning the 4D coordinate transformation invariance, we instead impose the condi- 
tion [E] 

= 0. (4.51) 

We will refer to (j4.5ip as to the static gauge. We observe that the light cone gauge and 
the static gauge are compatible because, once we fix the light cone gauge by choosing rjM, 
X and \m in a suitable way, we still have the freedom to perform the local transformations 
generated by C"- The static gauge is also free from Faddeev-Popov unphysical ghosts [15j. 
We observe that (|4.5ip does not remove completely the brane position fields but we 
are left with their components along the extra dimensions ^— . We will refer to them as 
branons. Even if the branons represent physical degrees of freedom, it can happen that they 
can be consistently truncated e.g. by imposing an orbifold symmetry, as in the RS models 
or in the conical-GGP compactification [9j. In the following we will confirm that the spin-0 
fields ^— do not have any mixing with the spin-2 and spin-1 sectors in the light cone gauge. 

4.2 Bilinear action in the light cone static gauge 

Here we provide the bilinear action in the light cone static gauge, that we have computed 
by imposing the gauge conditions (j4.49p and (|4.5ip on the general bilinear action and by 
using the constraint equations for the (+) components. In this section we assume the form 
given in (j2.12p - (j2.17p for the background solution, and give the part of the action that is 
independent of the branons. Those involving the branons are given in Appendix iBl 

The results that are presented here reduce to those for the non-supersymmetric model 
present irEl jlSj once we take T = 0, 7 = and we neglect the fluctuations Vmn', they also 
correctly reduce (for T = and 7 = 1) to the results of [27], where the linear perturbations 
of the sphere-monopole solution to the 6D supersymmetric model are analyzed. 

4.2.1 Spin-2 action 

The spin-2 action S"*^^^ only contains the field hij = hij — ^GijhJ' and has the following 
simple expression in terms oi h--' = G^^hi^: 

S^^\h,h) = j d^xV^dMhi'd^h/- (4-52) 

We observe that ()4.52p has exactly the same form as in [1^ even if we have included 
the brane terms. Therefore, the brane sources do not explicitly contribute to the spin-2 
dynamics. We shall use ()4.52p to derive the 4D gravitational spectrum for the solutions 
described in Subsection 12. 3[ 

^^We do, however, correct some typos in that reference. 
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4.2.2 Spin-1 action 

The spin-1 action S^^^ involves him,Vi and Vim- We have the following explicit expressions. 

1 



2^2 



:himh I A 



4k 

1 



h,,h: (D2A'B' - A'^) 



1 



1 



-vVG5(Xc-l^c)/lm^/l- 



(4.53) 



where ' = dp. The last term in (|4.53|) is the brane contribution. We have introduced the 
notation and Yc for the internal components of the coordinate and the brane position 
respectively, where the label c stands for the codimension of the brane. The other non 
vanishing terms are the following. 



S^^\h,V) 

S^^\V2,V2) 



-DmVihi'F^--A'Vih^Fip 



(4.54) 
(4.55) 



5«(1^,^2) 



7 / d^X^-Ge^ 



1./ 



J^VimV'F,^ + Vni;n,F^V' 



(4.56) 
(4.57) 



The term S^^\h,V2) vanishes as a consequence of Hmnp = (at the background level). 
We observe that the term S^^\V,V) reduces, as it should, to the corresponding action in 
Ref. ^ in the case in which Vi is orthogonal to the background gauge field. Finally, we 
note that the brane tension enters explicitly only in the term S^^\h, h). 

4.2.3 Spin-0 action and singularities due to backreacting, fluctuating branes 

The last and most complicated part is the spin-0 action, which involve^ h^n, Vm, 
Vij, Vmn and ^— . We observe that, in the light cone static gauge, the fields indeed 

^^Note that h mn and ft/ are not independent as Eq. (|4.50|l implies ft/ + ftm_— — 0. 
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only appear here. In other words they are in general completely decoupled from the spin-2 
and spin-1 fields. Since it is quite complicated, we give the explicit expression of the spin-0 
action in Appendix iBl 

Having completed the bilinear action, we should make some observations regarding 
its consistency, in particular given the presence of infinitesimally thin dynamical sources. 
Indeed, as to be expected, if we include the gravitational backreaction of the branes (T ^ 
0) then there are singular contributions to the dynamics of both the bulk gravitational 
fluctuations and the branons. 

First, concerning the bulk gravitational fluctuations, we encounter localized contribu- 
tions to the mass terms in both the spin-1 (see Eq. ()4.53p ) and spin-0 (see Eq. (IB.112P ) 
sectors. These contributions involve the behaviour of background and perturbed fields at 
the background positions of the branes. They are well-defined in the codimension one RS 
scenario, where the metric is well-defined everywhere including at the brane positions (al- 
though its derivatives are not). They do not appear to be well-defined in the codimension 
two (or higher) case, where the internal metric is actually singular at the brane positions 
due to the backreaction of the branes. However, as we shall see in subsequent sections, these 
terms do not obstruct our derivation of the 4D particle spectra arising from bulk modes in 
6D. 

Meanwhile, the linearized dynamics for the branons of a backreacting brane would be 
more problematic. For example, in (jB.124p . since the action is evaluated at the background 
position of the branes, the kinetic term for the branons is not well-defined in the codimension 
two case, because of the conical defect in Gmn- Such a singularity was discussed in [13J, 
where it was argued that within the domain of validity of the effective field theory, the 
curvature singularity could be discarded. Moreover, the mass term for the branons takes 
the fornix of a 6{0). These singularities are not present in the RS model, as there the 
branons are projected out with an orbifoldineP^. Indeed we should reiterate here that 
we apply our analysis to codimension one branes only on orbifold fixed points (to avoid 
the appearance of Gibbons-Hawking boundary terms), and so without branon degrees of 
freedom. 

In order to perform a complete analysis of the spin-0 action in codimension two (or 
higher) models, taking into account both the backreaction of the brane and its dynamical 
fiuctuations, it seems necessary to resolve the thin structure of the brane. Otherwise we can 
assume a brane tension much smaller than the 6D fundamental scale, so that its backreaction 
is negligible. Or we can assume a high brane tension so that the brane is very heavy and 
rigid and does not oscillate. Or else we can assume an additional orbifold symmetry under 
which the branons are projected out - an example of such a symmetry has been provided in 
Ref. [9] and is discussed ir^J AppendixO In these cases, we can avoid the singular branon 

^^S{0) singularities due to the localization of fields on a boundary have been discussed in a different context 
(5D SYM theory on S^/Z2) in [53]. 

^^Indeed, in the RS literature, the radion has been studied in depth [29j . but the branons are absent. 
Although the radion can also be seen as a brane bending in the case of RS, since the branes are at the 
boundaries of the internal space, one should not confuse the radion with the branon. The radion is a 
deformation of the bulk metric, whereas the branon is a deformation of the brane itself within the bulk 
manifold. As a check of our formalism, we will find the radion mode in Subsection 15.41 

^^By using the explicit expression for the mixing terms between branons and bulk fields given in Appendix 
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action. 



5 6D (and 5D) Braneworlds 

In the second part of this paper, we apply the results of the previous sections to derive the 
4D particle spectra in specific setups. Our main interest is in the warped (and unwarped) 
axi-symmetric braneworld compactifications of 6D supergravity, but along the way we shall 
also discuss the rugbyball compactifications in the non-supersymmetric 6D EYMA theory, 
as well as the 5D Randall-Sundrum models. We discuss in order the spin-2, spin-1 and 
spin-0 fluctuations. 



5.1 Gravitational fluctuations 

The simplest application of our results is the analysis of the spin-2 sector. As we have 
discussed, this sector completely decouples from the rest. The fields contain only the 
maximal helicity components of a spin-2 multipet; one should look for the remaining com- 
ponents in the spin-1 and spin-0 actions. However, by virtue of 4D Poincare invariance, the 
lower helicity components must have the same spectrum |12j . We can therefore focus on 
Eq. ()4.52p to study the spin-2 fluctuations. 

In order to analyze this sector we deduce the EOMs from Eq. (j4.52p : 



du [^/-G V j = ^hj ■ (5.58) 

In deriving this equation we have required as usual that the boundary terms which emerge 
in the integration by parts vanish, that is 

d'^XdM (V^6h/d^^hA = 0, (5.59) 



where is the variation of the field /i/ , which is performed to apply the minimal action 
principle. Since we assume standard boundary conditions on the 4D boundary, (|5.59p 
reduces to [30l EI 



J d^^+^Xdrn (^V^Sh/d^h/^ = 0. (5.60) 
We now perform a KK decomposition of the fields as follows: 

V(X) = j;/.p(x)/k(p,y), (5.61) 

k 

where k represents a collective KK number. By taking hf^^\x) to be an eigenfunction of 
V'^'d^d^, that is r]t"' d^d^hf'^^x) = hf'^^x), the EOMs (15351) become 

^ 'drn (V^d^h) = M2/k (5.62) 



-G 



iBl it is easy to confirm that symmetry consistently truncates the branons. 
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and the corresponding boundary conditions ()5.60l) read (we recall that 5h^ and h-' are 
independent fields) 

j d'^'^+'Xdrn [V^h'd^h) =0. Vk, k' . (5.63) 

Condition ()5.63p ensures that the operator acting on in the left hand side of (j5.62p is 
a Hermitian operator [30^ [6]: we will therefore refer to (15.630 as the hermiticity condition 
(HC). In addition to the HC we will also require the wave functions /k to be normalizable, 
that is 

J d^'^+'xV^e-^fl < oo. 

This normalizability condition (NC) is equivalent to the finiteness of the kinetic energy of 
the modes hf^'^'' (x). We observe that there is always a constant massless (M^ = 0) solution 
to ()5.62p . satisfying the HC (I5.63p . This solution corresponds to a 4D graviton provided 
that the NC is satisfied, that is / d^^+i^^/ZCe"^ < oo. 

5.1.1 Randall-Sundrum 

In the special case D = 5, and therefore in particular for the RS background (j2.18p . the 
EOM (|5^ has the form 

- e-^dp {e^^dph) = M^/k . (5.64) 

Here we do not want to analyze the latter equation as this has been done in the original 
RS works, but we observe, as a check of our spin-2 action, that (I5.64p has exactly the same 
form as in [2]. 

5.1.2 6D Brane Worlds 

We now move to the conical-GGP solutions to 6D supergravity given in Eqs. ()2.2ip - ()2.22|) . 
Since our internal space is topologically 5^, we require h- to be periodic functions of f. 

hi{X) = hi^^{x)UUp)e^^^, (5.65) 

n,m 

where m is a generic integer and n is an extra KK number that emerges as we have a 
number of compact dimensions greater than one. Also we observe that Eq. (j5.62p with 
the HC and NC is formally identical^ to the corresponding problem for 4D gauge fields 
addressed in Ref. [6j. Therefore, here we only give the result. The wave functions can be 
expressed in a more compact way by introducing 

^"in [3 there is the extra parameter A''v, which is equal to zero here. To check that the two problems are 
identical it is useful to remember A — 4>/2, which is true for the conical-GGP solutions. Also, take care that 
(j) in reference [S] is half <j) here. 
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Figure 1: Graviton Wave Function Profiles: n = 0,1,20 modes plotted for angular momentum numbers 
m = —1,0. The parameters are chosen to be {ro,u!,uj) — (1,1/4,1), corresponding to a single negative 
tension brane at m = 0. Also the normalization constant is set such that J ciii|7/)p = 1. The number of 
intersections with the u-axis equals n, according to quantum mechanics. Notice that the (m, n) = (0, 0) 
mode is massless. 



where we have suppressed n and m. The exphcit expression for is 

ip oc z'{l - z)f^F{a,b,c, z), 
where z = cos^ {u/vq), F is Gauss's hypergeometric function and 

= 1 -|- |m|uJ, 



^(l + 2|m|aJ), (3=^{l + 2nico) 



1 



1 



in ixL 

^ + + + ^\JrlM^ + 1 + m2 - ujf 



b = 



1 



1 



with 



io = {l-6/27ry\ L0 = {1-6/2tt)-^. 
Moreover the exphcit form of the mass spectrum is given by 



n(n -|- 1) -|- ( — -|- n ) |m| {uj + oj) + m^oooo 



>0, 



(5.67) 



(5.68) 
(5.69) 

(5.70) 



where n = 0,1,2,3,... [6j. So we have obtained the exact and complete spectrum (wave 
functions and masses) for the spin-2 fluctuations of the conical-GGP solutions. We observe 
that Eq. ()5.70p tells us there is a massless normalizable solution (for n = m = 0), which 
corresponds to the 4D graviton. This solution is separated from the first KK excitation 
by a finite mass gap, which is of order 1/ro (if t<j lJ ~ 1). We plot some representative 
wave function profiles in Figure [TJ As discussed in [6] the asymptotic behaviour close to 
the branes is universal for each KK tower, and it does not appear possible to separate the 
infinite number of heavy modes from the light ones by using their respective wave function 
profiles. 

Here we also observe that Eq. (15.580 is independent of 7 and the dilaton potential 
V. This implies that the spin-2 spectrum of the non supersymmetric and supersymmetric 
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models are the same (provided the backgrounds are the same). Indeed, the rugbyball 
configuration (that is w = uJ) leads to the same spin-2 spectrum in the EYMA model and 
in the 6D super gravity. 

Finally, as a check, we can consider the S'^ limit {uj,lJ — > 1), whose mass spectrum is 
well-known. Our spectrum (I5.70p reduces to 

= /(/ + 1), multiplicity = 2/ + 1 , (5.71) 

where I = 0,1,2,3,.... Since ro/2 represents the radius of 5^ in the sphere limit, this is 
exactly the result that one finds by using the spherical harmonic expansion [61\ (32] from 
the beginning. 

5.2 Vector fluctuations 

Here we analyze the vector fluctuations, in particular their wavefunction expansions and 
mass spectra. In the following subsection we shall study the implications of these results for 
the structure of the 4D gauge group in the 6D models of interest. The physical 4D vector 
field spectrum can be extracted from the spin-1 action given in Subsection 14. 2. 2[ However, 
some of the perturbations in that action are simply the helicity-(ibl) components of massive 
gravitons and therefore should not be interpreted as independent vector fields. 

5.2.1 Randall-Sundrum 

To illustrate the previous point we first notice that our spin-1 action leads to the well-known 
result that there are no physical 4D vector fields in the RS model (unless one introduces 
bulk gauge fields). Indeed, in that case the only field appearing in the spin-1 action is hip, 
whose action is simply 

5(1) {h, h)^ j d'xV^ [d^hpd^h\ + dphipdph\ - ^hiph'p - ^A"hiph'}j , (5.72) 

where we used the property 

A" + Tk'^6{p -Y)/3 = (5.73) 

that follows from the form of the warp factor, Eq. (12.180 . in the RS model. Therefore, once 
(|5.73|) is used the problem assumes the same form as in Ref. [12\ , where it is shown that 
the 4D spectrum from hip exactly reproduces the graviton one with the zero mode removed. 
By counting the degrees of freedom, it follows that there are no physical vector fields. 

5.2.2 6D Brane Worlds 

Let us begin by considering what we might expect from the symmetries of the problem — 
with some benefit of hindsight from the authors. In the limit where the brane tensions go 
to zero, the smooth sphere-monopole compactification is recovered. In this case, standard 
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KK theory tells us that there are three massless KK gauge boson J^. which manifest the 
SU{2) isometries of the sphere in the 4D theory [31]. Clearly, any branes break the spherical 
symmetry in the internal dimensions. For the solutions of present interest an axial isome try 
survives, and therefore we can expect the 4D theory to enjoy a U{1) KK gauge symmetrjo. 

At the same time, for the case of an unwarped "saddle-sphere" with the special deficit 
angles (for a = 1 we recover the sphere) 

(5 = -27r, -47r, . . . or a = - = 2,3, ... (5.74) 

the metric (I2.27P - defined everywhere but at the branes - has three single-valued Killing 
vectors, which obey the Lie algebra of SU{2): 

\ot) a dip J \ off aoif J a dip 

(5.75) 

Only one of these Killing vectors, K^, implies a genuine continuous isometry, since 
cannot be globally integrated to an isometrj@. In other words, we have an infinitesimal 
SU{2) isometry for the special saddle-spheres, compared to a genuine SU (2) isometry for 
the sphere. As we will show, this turns out to be sufficient to ensure three massless 4D 
vectors amongst the KK spectra. From the point of view of the full 4D theory, however, 
we will argue that these massless fields arise accidentally and that their masslessness is not 
protected by any symmetry. 



Rugbyball Harmonics Let us now see how the above story plays out in detail. Our 
focus shall then be on the unwarped rugbyballs and saddle-spheres, Eq. ()2.27p . and indeed 
all previous results have indicated that warping does not lead to any qualitative changes in 
the physics (see the spin-2 results in the present paper, as well as Refs.[6]-[TT]). We shall 
thus proceed by finding a set of "rugbyball harmonics" and their mass spectra, in analogy 
to the spherical harmonics (and, more generally, the so-called Wigner functions) used in 
the smooth sphere compactification |31j . 

We first observe that the vector field fluctuations Vi, which are orthogonal to the gauge 
field background {ViFmn = 0), do not mix with the other perturbations him and Vim- 
These fluctuations have been already studied in Ref. [6] where the complete KK towers 
are provided and it is shown that there are as many 4D gauge fields as fluctuations Vi 
with vanishing monopole charge {Vi x Fmn = 0), as expected from group theory. Here we 
therefore consider only the case when Vi is parallel to the background monopole. 

There may be additional massless gauge fields descending from any unbroken higher dimensional gauge 
symmetries. 

^^For the analysis of a very similar model, in which the SU{2) KK gauge symmetry of the sphere is broken 
down to f/(l) by smooth axisymmetric deformations, see Ref. [33] . 

^''To avoid the need of differential geometric results for singular spaces, we can consider removing the 
brane singularities and taking instead a smooth non-compact manifold, for which < 9 < n. Killing vector 
fields are the generators of the infimtesimal isometries of a manifold, whereas an isometry is a global aspect 
of the geometry. Whilst for smooth compact manifolds the Killing vectors are always globally integrable to 
an isometry, for non-compact manifolds this may not always be the case. 
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Now, from Subsection 14.2.21 it follows that the spin-1 action for unwarped solutions has 
the following form. 



s^^\v,v) 



1 

2^ 
1 
2 
1 



R. 



-- I d^XV-G 



d^XV-G i d^Vmid'^V"'' + Kni;„V™'" + ^KniV^" 



+ 5«(y,y2) = I d^X^ (^-d^VihmF 



'""^ - -idmV'VniF^^ ] ,(5.76) 



where we have used Vi-m = dmVi because the background solution is unwarped and Vi is 
uncharged under the background monopole. Also m, n, ... here run over 6 and (p. To derive 
the last term in S^^^ {h, h) we have used the Einstein equations: 



-GRn 



-GFmlFj + G^nT5iX2-Y2), 



(5.77) 



which allow us to rewrite the brane contribution in the last term of (14.530 as a combination 
of the Ricci tensor and the field strength. Also we have used that in two dimensions 
Rran = GmnR/"^ and the Maxwell equations F"''.^ = 0. The EOMs descending from (f576]) 
are the following. 



R 



K^FjdiV^ = 0, 



d' + D'--\V„,i- 2K^F^diVi = 0, 



0, 



(5.78) 
(5.79) 
(5.80) 



where = d^d^ and = DmD"^- As for the spin-2 case above, the EOMs come with a 
set of boundary conditions, which we refer to as Hermiticity Conditions (HCs) [301 [6]: 



(5.81) 



d'xV^ (5/i™/i™'") = 0, / d'xV^ (5K^i^™'") = 



/ 



d^X^/^{6V'hiiF' 



d^XV-G ( dY'ViiF^"" 



d^X^/^ {5Vid'^V'),^ = 0. 



0, (5.82) 
(5.83) 



We will additionally impose the usual Normalizability Conditions (NCs). 

We can immediately observe that there is a simple solution to Eqs. (|5.78|) - (j5.80|) . with 
hei = h^i = 0, Voi = V^i = and Vi independent of the extra dimensions. Its squared mass 
is given by 



2 772 



-YF 



„2 / ' 



(5.84) 
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where we explicitly used the rugbyball solution. We see that the monopole U{1) is a gauge 
symmetry in the EYMA model (7 = 0), whereas it is broken in 6D supergravity (7 = 1), 
like for the smooth sphere-monopole solution [16J. 

We now want to find the general solution to Eqs. (|5.78p - (j5.80p subject to the HCs and 
NCs. System (I5.78p -( f5.80p is a rather complicated set of coupled differential equations, but 
the case at hand can be elegantly solved by using the harmonic expansion of the scalar 
Laplacian; let us now describe this technique. It is easy to solve the eigenvalue problem for 
—D^ acting on the 2D scalars (in fact, for A = and applying the diagonal HC and the 
NC, the system is identical to that for the helicity-2 field above). The eigenfunctions are 
then given by (15. 65115. 681) with uj = uJ, and the eigenvalues can be written as: 

/^nm = 4 (n + |m|u;) (n + \m\uj + 1) > 0, (5.85) 

^0 

where n = 0,1,2,3,... and m run over all the integers. This is the generalization to the 
rugbyball of the scalar spherical harmonics. They form a complete basis for the 2D scalar 
fields Vi. 

We next proceed by determining a complete basis for the 2D vector fluctuations {hoi, h^pi} 
and {Voi, V^i}. We focus only on {hgi, h^i} as the analysis for {Vgi, V^pi} is identical. A way 
to determine such a basis is to look at the eigenvalue problem for the operator —D^ + R/2 
appearing in Eq. (j5.78p . because the diagonal HC (|5.8ip guarantees that this operator is 
Hermitian over the space of functions where {/igij^i^i} lives, and therefore has a complete 
basis of eigenfunctions. Again, this system is easy to solve, this time using the resultq^ of 
Ref. [9]. We therefore just summarise the results. The eigenvalue problem for —D^ + R/2 
on 2D vectors generically mixes the hgi and h^i components, but reduces to a diagonal 
form, at least in the rugbyball case, by introducing^ 

h^i = ^ ± ie-''/%^) . (5.86) 

Eq. (j5.86p defines a new basis for tensors on the 2D internal space, and we remind the 
reader that for the rugbyball = o? sin^ Q. The squared mass problem can then be 
transformed into a pair of decoupled Schrodinger equations, which can be solved. Note that 
the singularities of the spin-1 action discussed in Subsection 14.2.31 appear in the Schrodinger 
problems as two singular points in the effective potentials (one for each brane), which do 
not obstruct the determination of the spectrum [6[|9]. The h±i fields can be KK expanded 
as follows 

h±i{X) = h±^ nm{x)ftmid)e'"'^, (5.87) 

n,m 

and, in the case 

m = or |m| > 1/lu, (5.88) 

^■^In Ref. [2 a more general problem has been solved, which reduces to the present one in the unwarped 
case A — 0. 

^^The ± appearing in (|5.86p and throughout this section should not be confused with the (±) used to 
defined the light-cone gauge in Subsection 14.11 for this reason the latter are written inside brackets. 
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both the KK tower associated with f'^ and turn out to be exactly that in ()5.85p . where 
n = 0,1,2,3,... and m run over all the integers, but with the constraint {n, m} 7^ {0,0}. 
Condition (15.880 is satisfied by every |m| for non- negative tensions and it is satisfied by 
some (but not all) |m| for negative tensions. This, however, will be enough to show that 
when the tensions assume the values in (I5.74p . the KK spectra include extra massless spin-1 
fields. In the following we denote ()5.88p with \in\uj ^ 1. 

So we have found that, for modes satisfying (j5.88p . the spectrum of —D^ + R/2 on 2D 
vectors is made up of two identical copies of the spectrum of —D^ on 2D scalars but with 
zero mode removed. This suggests that we may be able to express the eigenfunctions of 
—D^ + R/2 on 2D vectors in terms of eigenfunctions of —D^ on 2D scalars. Indeed, if we 
consider a solution V to the eigenvalue problem of —D^ with eigenvalue then it is easy 
to show that dmV is an eigenfunction of —D^ + R/2 with the same eigenvalue. In the case 
(I5.88|) . this implies that we can write 

d± (/nm(^)e^'"^) = c„^/±^(0)e^-^ (5.89) 

where we have used the basis defined in Eq. (|5.86p for d± , and moreover Cn m are normaliza- 
tion constants which, having chosen a convenient normalization for the wave functions, can 
be fixed to be Cnm = fJ-nm/V^- This is the analogue of the derivative relation that exists 
between Wigner functions for fields of different spin on the sphere (see eq. (3.17) of Ref. 
|31j). So, remarkably, we can construct the complete harmonic expansion foio Vi, h±i and 
V±i by using the solution to the eigenvalue problem for the scalar Laplacian. Moreover, it 
is easy to check that, having applied the diagonal HCs to derive the complete basis for h±i 
and V±i, the mixed HCs ()5.82p are automatically satisfied. 

Having derived the harmonic expansions one more observation is necessary. It turns 
out that the factor F^/^ which appears in the mixing terms S'^'^\h,V) and 5'(i)(V25^) is 
constant for the rugbyball {Fj^ = 2^/2i/ {rQK)). Putting everything together, we are then 
able to transform the differential eigenvalue problem for the squared mass operator into 
an algebraic problem that can be solved. In particular, after integrating out the extra 
dimensions. Action (j5.76p assumes the following form in terms of the KK modes. 

5(1) (/i, h) + 5(1) (V2, V2) + s(i) (/i, V) + 5(1) (y, V2) + 5(1) (y, V) 

— I d X ^ ^ s (^+* nm) i^d Mnm) nm ~l~ 2^2 (^~* nm) (^9 A'nm) nm 

n,m 

+ ^ (V+i nm)* (5^ - fJ-lm) nm + ^ (^-i nm)* (9^ " /^nm) ^-i nm 
" [(^+j nm) ^ nm {h—i nm) ^ nm 
n m^ J n m {V-i nm)* Vi nm) 
+ ^(l^inm)* (52-^2 ^-^^Knm} , (5.90) 

^''It is easy to show that all we have stated about the harmonic expansion for hmi holds for Vmi as well. 
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6D Einstein- Yang-Mills-A 



Squared mass 


Multiplicity 




2 , 2V2 
H-nm ' ro h'-nm 

H-nm rn /^nm 


1 
1 
1 





Squared mass 


Multiplicity 




8 


1 


6D Supergravity 


f^n m 


2 






1 






1 



Table 1: Squared mass KK towers of physical spin-1 perturbations around the rugbyball solution to the 
6D EYMA model and 6D supergravity, for modes satisfying (|5.88p . finm is defined in (|5.85p . but here the 
KK numbers n, m run over n = 0, 1, 2, 3, m = 0, ±1, ±2, ±3, with the constraint {n, m} 7^ {0, 0}. 

where the sum over n and m is performed over n = 0, 1, 2, 3, ... and m = 0, ±1, ±2, ±3, 
but with the condition h±i 0,0 = and V±i 0,0 = 0. Also, as a consequence of the reality 
conditions h+^iX) = h*_^{X)] V+i{X) = Vli{X) and Vi{X) = V*{X), we have the relations 

h+i nm(2;) = h*_i^_^{x), V+i nm(a;) = yiin-mi^) and Vi rym{x) = Vtn-uiix). 

In this way, the squared mass operator has finally been transformed into an algebraic 
matrix with constant entries and we can find its eigenvalues exactly. 

6D EYMA model To address the spin-1 fluctuations in the 6D EYMA model, we set 
7 = and remove the Kalb-Ramond perturbations iy±i = 0) in the above 4D bilinear 
action, Eq. (|5.9U|) . By diagonalizing the corresponding mass-matrix, we find that the 
explicit helicity-(ibl) towers are as follows 

Ml^ = ^^l^>Q, (5.91) 
with n = 0, 1, 2, 3, ... and m = 0, ±1, ±2, ±3, but \m\LO 1 and 

^^m = /^nm±^/^nm>0, (5.92) 

with n = 0,1,2,3,... and m = 0, ±1, ±2, ±3, but it \m\uj ^ 1 and {n,m} ^ {0,0}. 
Neither tachyons nor ghosts are found. The {n, m} = {0, 0} mode in (j5.9ip is the massless 
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gauge field associated with tlie 6D monopole U{1), wliich we have previously discussed in 
(j5.84p . The remaining modes in (j5.9ip are instead the helicity-(ib 1) components of massive 
gravitons; we observe that the massive part of the KK tower ()5.70p is exactly reproduced by 
(j5.9ip . according to 4D Poincare invariance. The KK towers in (j5.92p correspond instead 
to physical spin-1 fields. The complete set of masses for physical spin-1 fields is given in 
Table E 

By analyzing those towers, one easily finds that there are physical massless 4D spin-1 
fields (in addition to (I5.84p ) if and only if = S/tq, which can be restated as 

{n,ma;} = {1,0} or {n, mo;} = {0, ±1}. (5.93) 

Therefore there is at least one massless spin-1 field for any value of the tension (this corre- 
sponds to {n, m} = {1,0}). In the sphere case {uj = 1) we have three ways to satisfy this 
condition, that is 

{n,m} = {1,0},{0,±1}, 

which correspond to the three gauge fields of SU{2)kk, whereas for positive tension rug- 
byballs and generic saddle-spheres there is only one choice: 

{n,m} ={1,0}, 

corresponding to the KK gauge group U{1)kk- However, for the special saddle-spheres for 
which ()5.74p holds, the number of massless vector fields is enhanced from one plus one to 
one plus three! 

We shall discuss in detail the physical significance of these modes in the following sub- 
section. 

6D supergravity We conclude this subsection by providing the helicity-(ibl) masses for 
the 6D supergravity (set 7 = 1 and keep the Kalb-Ramond fluctuations in Eq. (|5.90p ). 
Diagonalizing the corresponding mass-matrix, we find: 

= -I > 0, (5.94) 

^0 

which is the vector field associated with the monopole U{1), 

^nm = /"nm>0, with multiplicity 3 (5.95) 
and ^ 

^nm = ^ (l + T-^nm ± ^l + rg/i^^) > (5.96) 

where n = 0,1,2,3,..., m = 0, ±1, ±2, ±3, {n,m} 7^ {0,0} and ft \m\uj ft 1. The 
masses in (I5.94p . two towers out of three in (I5.95P and the towers in (I5.96P correspond to 
physical spin-1 fields, whereas one of the towers in (|5.95p are the helicity-(ibl) components 
of massive gravitons. The complete set of masses for the physical spin-1 fields is summarized 
in Tabled! We note that neither tachyons nor ghosts are found. 
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Regarding the massless vector fields the situation is similar to the 6D EYMA model. 
It easy to see that the condition for masslessness is again ()5.93p and, therefore, again we 
have a single KK massless gauge boson for positive tensions and generic negative tensions; 
instead, for negative tensions of the form (j5.74p . the number of massless vector fields is 
enhanced from one to three! 

As an effective check of the results presented in this subsection, we have also derived 
the aforementioned spectrum in the sphere case (w = 1) by expanding the bulk fields over 
the Wigner functions as in [31] and obtained exactly the sphere limit of our towers. 

5.3 Massless vectors and 4D gauge symmetries 

In the previous subsection we observed three massless 4D vector fields amongst the KK 
spectra for the 6D mo del on both the sphere and the special saddle-spheres ()5.74p . We 
shall now address the physical significance of these modes. One of them, the one with axial 
quantum number m = 0, should provide the gauge boson for the U{1)kk gauge symmetry, 
descending from the axial isometry of the internal space. The other two massless vectors, 
having m 7^ 0, are charged under this axial symmetry and so we may expect the three 
vectors to fit into a non-Abelian structure, like SU{2). For the sphere, this is indeed the 
case, and the three massless vectors compose the gauge fields of an SU (2) gauge symmetry 
in the 4D theory. What happens for the special saddle-spheres, where there is no SU{2) 
isometry in the background? Let's take a = 2,3,..., so we consider the special saddle- 
spheres (we also allow for the smooth sphere with q = 1). 



5.3.1 Why there are three massless vector modes 

Let us begin by understanding why three massless vector modes appear in the spectrum, 
despite the fact that any branes clearly break the SU{2) isometries of the sphere. 

Above, we found that the massless vector fields arise as a linear combination of h^^^(x) 
and V^rnnix) (and V^"Jnn(^) fo^' 6E) supergravity), once we have integrated out the extra 
dimensions. In detail, if one takes the squared mass matrix defined implicitly by the 4D 
bilinear action in ()5.90p in e.g. the EYMA case, one finds that the mass eigenstates are 
({n,m}/(0,0)): 

-Ai nm — nm l^^^i nm ~l" nmj 

% % 1 

Ui nm — 2^^* "™ ~^ 2^ * "™ ~^ \72^ im^' 

nm = "^^+* ~'~ (5.97) 

corresponding respectively to M^^n ~ Ainm - (2\/2/ro)/Xnm, 

m ^nm "I" 

(2\/2/ro)/i n m 

and = /^nm (|5.92p and (j5.9ip . Recall that the massless modes emerge from the 

Ai nm tower, when {n, muj} = {1, 0}, {0, ±1}. 



^^In the EYMA model there is also a massless vector field descending from the higher dimensional (7(1) 
gauge field, which forms a 4D (7(1) gauge field. 
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We can write, then, the harmonic expansion of h^{X) as: 

h^^{X)= A^(x)i^^""(^,v?) + massive modes. (5.98) 

/=-,o,+ 

Using the expansion (|5.86|5.87|) . the exphcit form for the wave functions (|5.89p and the 
rearrangement in terms of the mass eigenstates ()5.97p . it is straightforward to show that 
K^'^{6,ip) indeed correspond to the Kihing vectors (j5.75p on the special saddle-sphere, 
where 1 = corresponds to {n, mcj} = {1,0} and / = it to {n,mu;} = {0, ±1}. This is 
just as in the traditional KK reduction scheme. 

In this way, we confirm that the presence of infinitesimal isometrics on the internal space, 
which are generated by Killing vector fields, is sufficient for the appearance of massless vector 
modes - even if they cannot be integrated to genuine isometries. 



5.3.2 The absence of enhanced gauge symmetries in the full 4D theory 

We now ask whether or not these massless vector modes behave as gauge fields of an SU{2) 
gauge symmetry. The linearized 4D theory cannot probe any non-Abelian structure, and so 
to understand the gauge invariance of the full 4D theory, we must go beyond linear order. 
To this end, we consider a simple extension of the EYMA model, where we add a single 
complex, massless, neutral scalar field which has an action: 

S^ = - J d^X^/^du^* 5*^$ (5.99) 

and which assumes a trivial VEV in the saddle-sphere background. It is easy to see that 
the linearized equation of motion for Z := 5$ gives rise to the rugbyball scalar harmonics 
(see above Eq. (|5.85p ): 

Z{X) = ^mn(x)/™n(^)e''"'^ (5.100) 
m,n 

with the corresponding masses (I5.85P : 

M2 = 4u^ + 1) where l = n+\m.\uj. (5.101) 

The multiplicity of a given mass is given by 2/ -|- 1 when / is integer or half-odd integer; 
otherwise it is given by 2([/] -|- i) -|- 1, where [I] denotes the integer part of /. We also note 
that for / integer (which corresponds also to mco integer), the wavefunction /mn(^) is an 
Associated Legendre function, just as for the spherical harmonics. The modes with / non- 
integer are instead additional harmonics, which generically have no corresponding states 
amongst the spherical harmonics nor indeed any of the Wigner functions. 

Now let us ask how the 4D fields z^n{x) couple to the massless vector fields, and in 
particular if they do in a gauge-invariant way. At trilinear level, this coupling descends only 
from the term: 

S{Z\h^ra,Z) = - j d^X^/^d''Z*h;rdmZ (5.102) 
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and its complex conjugate. The above trilinear coupling can now be reexpressed in terms 
of the 4D fields, and isolating the contributions involving the massless vectors, Eq. (|5.98p . 
we find: 

Siz*,Aj^,z) = - J d^x^/^d^'z* Aj^z' J dedip^asm6fe-'"'^K^"'dm[f'e'"''^^ , 

(5.103) 

where we have suppressed the KK indices {n, m} and {n', m'} on z, f and z' , f respectively. 
Performing the integral over the internal dimensions: 

gi = J d9dip^asm9fe-'"'^K^"'dm(^f'e'"''^'^ , (5.104) 

we see that the wavefunction overlap (j5.104p gives the 4D coupling between z{x) and z'{x) 
via a massless vector field, Aj^{x): 

-gi j d^x./^df'z* A^z . (5.105) 

Observe that if the full 4D theory were to respect an SU (2) gauge symmetry whose 
gauge fields are the three massless vector modes, then z and z' would belong to SU{2) 
multiplets of the same dimension and ()5.105p would correspond to the trilinear terms in 
the gauge invariant combination —D^z°'*D^^z'"', where D^z"' = d^z"' + A^^T^ '^z^ , the indices 
a, b run over a,b = 1, . . . , r and r is the size of the multiplet. For the classic sphere, a = 1, 
this is of course the case, and the wave function overlaps in ()5.104p are zero unless z and z' 
belong to the same SU (2) multiplet, thanks to the properties of the spherical harmonics. 
We shall now see that such a structure does not hold for the special saddle-spheres. 

To this purpose, let us consider the rugbyball harmonics with < mo; < 1. The pattern 
that emerges for the overlaps (|5.104p once both the integrals over d9 and dcf) are performecP^. 
is that a mode, /, with < muj < 1 and n even (respectively odd) has a non-zero overlap 
with the modes, /', for which m'a; = ma; =F 1 and all n' odd (respectively even). It can 
then easily be seen that this prevents the realization of an SU{2) gauge symmetry. Take for 
instance the set of modes {z} with some mass-squared l{l + 1) in which < |m|a; < 1 and 
n = 0. This mass comes only with degeneracy 2, corresponding to KK numbers {0,ibm}. 
Therefore, if there exists an SU{2) gauge symmetry, then the modes in {z} fall either into 
an SU{2) doublet or two singlets. The overlap (j5.104p between the modes {0, m} and 
{0, — m} is zero, and the subsequent vanishing of the coupling in (I5.105P tells us that {z} 
cannot form a doublet. On the other hand, the modes {0, itm} do have a non-zero overlap 
with {n odd, ibm — 1/u;} and {n odd, ibm -|- l/w}, and so the two modes in {z} each have 
a trilinear coupling (j5.105p with towers of z' and the massless vectors fields. Thus, they 
cannot be singlets. In this way we can conclude that there does not exist an SU (2) gauge 
symmetry corresponding to the massless vector fields. 

We would like to draw one more insight into the absence of SU{2) gauge symmetry 
for the full 4D theory. The Killing vectors (|5.75p can be considered as generators of an 



Whilst we have not checked this resuH for all lj, m and n the pattern is quite convincing. 
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SU{2) algebra, and the mass-squared operator for the saddle-sphere scalars, —D^, can be 

2 

understood as the Casimir Operator for the algebra: —^D"^ = ^{K^K^ + K^) + 
{K^)"^ . The saddle-sphere scalar harmonics form a basis for the Hilbert space of functions 
on which the Hermitian operator, —D^ (plus boundary conditions), acts. However, the 
SU{2) ladder operators, K^, do not act within this Hilbert space: the action of on 
the harmonics /mn(^)e*'"'^ with < |m|w < 1 gives back functions which do not obey the 
NC and HC boundary conditions. Again, we see that the saddle-sphere harmonics do not 
furnish well-defined representations of the SU{2)kk generated by the Kil ling vectors, and 
it is precisely the modes with < |m|w < 1 that are the problematics oneCj. 

As we have implied above, the absence of an SU{2) KK gauge symmetry in the 4D 
theory can be understood in the 6D picture as being due to the absence of a genuine SU (2) 
isometry in the internal dimensions. 



5.3.3 The emergence of enhanced gauge symmetries at low energies 

Finally, notice that although the modes with < |m|u; < 1 do not belong to well-defined 
SU{2) representations, the massless wave functions that we have found are equivalent to 
those present in the sphere case (up to an integer constant multiplying if) and do furnish 
well-defined SU{2) representationCj- This holds also for the massless spin-2 and spin-1 
fields above, as well as the massless spin-0 fields discussed belo^^l^. Therefore, the classical 
low energy 4D effective theory that results from truncating the massive modes does enjoy 
an SU{2) KK gauge invariance to all orders in perturbation theory - despite the absence of 
a genuine SU{2) isometry in the extra dimensions. Indeed, this low energy 4D theory does 
not distinguish between a compactification on a smooth sphere or a special saddle-sphere! 

Moreover, we can argue that the above truncation to the massless sector is a consistent 
onj^. at least for the bosonic theory that we have studied whose field content is identical to 
that of 6D supergravity. Then, if we remove the branes and replace the singular space with 
a smooth non-compact manifold, the local geometry is the same for the sphere everywhere 
and the KK ansatz for the special saddle-sphere is essentially identical to that of the smooth 
sphere. Meanwhile, the sphere reduction of 6D supergravity was shown to be a consistent 
one in Ref. [35], thanks to a remarkable conspiracy between properties of the 2-sphere and 

Notice that this range of m is empty for the special saddle-sphere with = ^ if we impose the Z2 orbifold 
projection discussed in AppendixO In this case, then, all the KK modes are in well-defined representations 
of SU{2) (corresponding to the Wigner functions), and we can expect an 5(7(2) gauge invariance in the 
full 4D theory, at least if we remove the branes and discuss a smooth non-compact manifold. This is not 
surprising, since - outside the branes - the Z2 orbifolding effectively cancels out the S = —2tt deficit angle, 
and we return to the standard sphere case. 

^^This is a consequence of the fact that in our mass-squared's, M^, as well as in our /nm(6) wavef unctions, 
m and (jj enter only through the combination muj. This is obvious for the masses, and for the wave functions 
it can be seen from Eq. (|5.68p . after setting lj = uj to recover the spectra for the rugbyball. Furthermore, 
the massless modes all have integer mo;. 

^^We should caution that, although there are no symmetries that suggest them to be massless, our har- 
monic analysis has not included the modes with < |m|ci; < 1 in the spin-1 sector, nor the modes with 
< Imlaj < 1 and 1 < \m\Lo < 2 in the spin-0 sector. 

^^Mathematical consistency may of course not be necessary, if the truncation is consistent up to some 
energy scale. 
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the structure of supergravity. 



5.4 Massless scalars 

Finally, we turn to the spectra of 4D spin-0 fields, which are governed by the action given 
in Appendix [Bl In Appendix O we give the complete spectra for unwarped braneworld 
compactifications in 6D supergravity. Here, our focus shall be on the massless scalars 
featured in the low energy 4D effective theory. Again we shall first review the RS model 
and then examine the 6D braneworld models. 

5.4.1 Randall- Sundrum 

In the RS model of Ref. p], the massless scalar sector involves one normalizable mode 
(the radion), which becomes non normalizable in the decompactification limit Tc ^ oo |29j . 
Let us find this mode in our formalism. We can of course restrict our attention to the 
spin-0 action S^'^\h, h) as in [Ij only gravity is introduced and the branons are consistently 
projected out by the jZ^ orbifold conditions. Therefore, we only have to deal with the 
perturbation /ipp, because (|4.50p implies = —hpp. It is easy to derive the EOM for hpp-. 

hpp = 0, (5.106) 

where Tk^8{p — Y) = TiK^5(p) + T2K,^6{p — vrrc). We now perform a KK decomposition 
hpp{x,p) = /ipp(a;)/n(/o) and focus on the massless case {rj'^'^dpdy = 0); we obtain the 
simple equation 

V'" = 0, (5.107) 

where we have defined ip = e^f and used property ()5.73p . The only solution to (|5.107p 
satisfying the /Z2 orbifold conditions is ip constant, which corresponds to 

/ oc e"^. (5.108) 

Mode (|5.108p is the wave function of the radion. By inserting this mode in the kinetic term 
of hpp in (|B.112p one easily finds that it is normalizable for any finite Tc, but becomes non 
normalizable in the limit Tc — > 00. 

5.4.2 6D Brane Worlds 

After this non-trivial check of our formalism we now turn to the conical-GGP solutions of 
6D supergravity. The stability of the GGP solutions has been investigated in [7] and [9], 
where no tachyons emerged unless non-Abelian gauge groups are considered. Indeed, in the 
presence of non-Abelian gauge groups, an instability may arise in the sector described by 
the action S^^'^{V,V), with Vm orthogonal to the background monopolj^ We observe 
that, even in the absence of non-Abelian gauge groups, the stability of the GGP solutions is 

'^''This instability is also present in the sphere- monopole solution 34 , which is a particular case of the 
GGP solutions. 



-G 



Gd^'hpp ] + 



+ -TnHip - Y) 
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marginal, in the sense that there are necessarily massless scalars in the physical spectrum. 
These massless particles are manifestations of two symmetries in the model. One is the 
followine invariance of the EOMs: Gmn ^ wGmn and e'^/^ _^ we'^l'^, where w IS a 
real number. Note that this is only a classical symmetry because the action rescales as 
Sb — >■ Sb, so we do not expect the corresponding scalar to remain massless once quantum 
corrections are included. The other is the Kalb-Ramond symmetry, which acts as B2 ^ B2 + 
dA, where A is a general 1-form field. The actual presence of the zero mode corresponding 
to the former symmetry has been shown in Refs. [Ill [7]. 

Here, by using our bilinear action, we can easily figure out where the other massless 
scalar is. This emerges as the lightest 4D mode of the field Vij, whose bilinear action is 
simply (see Eq. (jB.llSp ) 

- d^X^e^-^^dMVijd'^'Vij. (5.109) 

This action is equivalent to the spin-2 action ()4.52p in the case of the conical-GGP solutions, 
which satisfy A = (j)/2. The wave functions and mass spectrum coming from Vij are therefore 
identical to the one presented in Subsection 15.11 For n = m = we obtain the massless 
scalar field associated to the Kalb-Ramond symmetry. In the spherical limit this corresponds 
to the / = mode in (|5TT]l [27) . 

6 Summary of Results 

Before concluding, let us provide an overview of our results. 

• We have derived the linearized dynamics, Eqs. (j4.52p - (j4.57p and Appendix [Bl for the 
physical perturbations about general backgrounds in a general class of field theories. 
In particular, we take Einstein- Yang Mills (EYM) theory in D spacetime dimensions, 
with a bulk dilaton or cosmological constant (A), and a number of dynamical 3-branes. 
Moreover, for = 6 we include a dilaton and 2-form potential. Therefore, 6D chiral 
supergravity, D-dimensional EYMA theory and the 5D Randall-Sundrum models all 
fall within our analysis. The backgrounds considered respect 4D Poincare invariance, 
but may be warped in a radial transverse coordinate. 

• Taking the Randall-Sundrum models as an illustrative example within our formalism, 
we retrieve the well-known dynamics for spin-2 fiuctuations and identify the massless 
scalar (the radion), which is normalizable in the two brane model and becomes non- 
normalizable in the one brane model. 

• For the 6D EYMA model, we consider the unwarped "rugbyball-monopole" compact- 
ifications, sourced by two 3-branes of equal tension. When the tensions are zero, we 
recover the sphere-monopole compactification, and when the tensions are negative 
we refer to the 2D geometry as a "saddle-sphere". By deriving a set of "rugbyball 
harmonics", we are able to obtain analytic KK spectra; i.e. we discuss how to find 
physical 4D spin-2, spin-1 and - consistently truncating branons - spin-0 fields and 
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spin-2 


spin-1 


spin-0 


Rugby-ball 6>0 
Saddle-sphere 5 = —2tt 
Generic Saddle-sphere 
Warped Models 


all modes 
all modes 
all modes 
all modes 


all modes 
all modes 
m = 0; m > 1/w 


all modes 
all modes 
m = 0, l/u>] m > 2/ll> 



Table 2: The sectors covered in the present paper for Braneworld Compactifications in 6D Supergravity. 
In order to address the spin-0 sector, we projected out the branons with an orbifolding. We also here impose 
the orbifolding for all sectors in the presence of negative tension branes. 

their masses. We present the full spin-2 spectrum and the spin-1 spectra for axial 
momentum number ^ |m|i^ 1. 

• For the 6D supergravity, the backgrounds of interest are the warped, axially symmetry 
braneworld ("conical-GGP") solutions, which have unwarped limits to the rugyballs 
and saddle-spheres, and to the sphere. Our focus is on the bosonic "Salam-Sezgin" 
sector (from the gravity-tensor supermultiplet and the U{1) gauge multiplet in which 
the background monopole lies), since the remaining bosonic sectors have been treated 
elsewhere. We obtain the complete spin-2 spectrum. For the spin-1 and spin-0 sectors, 
we restrict to the unwarped backgrounds, and ernploy the rugbyball harmonics to find 
the spectra. The sectors covered by our analysiqf^ are summarized in detail in Table 

El 

Our main physical results for the 6D braneworlds are as follows. 

• The spin-2 spectrum includes the massless 4D graviton separated from the rest of 
the KK tower by a mass gap, and the mass gap is indeed observed in all sectors. 
For rugbyballs with positive deficit angles and for generic saddle-spheres, the spin-1 
sector contains a massless KK gauge boson due to the U{1) isometry in the background 
(in addition to any massless 4D gauge bosons descending from unbroken 6D gauge 
symmetries). For the special saddle-spheres with deficit angles 6 = — 27r, — 47r, . . ., 
there is a qualitative difference. Here, there are three Killing vectors, which are well- 
defined everywhere outside the branes and obey an SU{2) Lie algebra. Although only 
one of them integrates to a genuine isometry, the number of massless KK vectors fields 
is consequently enhanced to three. Meanwhile, in the spin-0 sector for supergravity, 
we identify the two massless scalar fields expected in all cases from the classical scaling 
symmetry and the Kalb-Ramond symmetry. 

• The spin-2 and spin-1 spectra are all well-behaved despite the presence of codimension- 
two dynamical brane sources, which induce singularities in the bulk geometry. To 
make progress in the spin-0 sector, we had to discard the branon modes {e.g. by 
placing the branes at orbifold fixed points). 

■^''We also find the spectrum in the sphere case as a check. 
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• The spectra analysed - which incorporates all modes for rugbyballs sourced by positive 
tension branes - do not harbour any instabihties; neither tachyons nor ghosts. 

• To understand the significance of the three massless 4D vector fields that appear for 
the special saddle-spheres, we go beyond bilinear order. We find that in the full 4D 
theory, they do not represent gauge fields of an SU{2) gauge symmetry. This is due 
to the presence of KK modes that are not in well-defined SU{2) representations. The 
classical masslessness of the vector fields is thus not protected by any symmetry, which 
is in accordance with the absence of a genuine SU{2) isometry in the background. 

• In the massless sector, however, all modes fall into well-defined SU{2) representations. 
Therefore, the low energy 4D effective theory obtained by truncating to the massless 
sector does seem to enjoy a classical SU{2) KK gauge symmetry, despite the absence 
of a background SU{2) isometry! Indeed, this low energy effective theory does not 
distinguish between compactifications on the sphere and the special saddle-spheres. 

7 Conclusions 

In this paper, we have provided the dynamics of the physical fluctuations in a wide class 
of models, which incorporate the bosonic fields generically present in bulk supergravity 
theories - gravity, non-Abelian gauge fields, the dilaton and two-form potential ~ as well 
as dynamical 3-branes. Our final equations ( (j4.52p - (j4.57p and those in Appendix |B]) , which 
can be considered as a generalization of the analysis in [12j, provide the starting point to 
construct a 4D effective field theory emerging from various higher dimensional models, with 
compactified extra dimensions and/or branes. 

We next proceeded with that objective to study the behaviour of braneworlds solutions 
in six dimensions, taking as representative the rugbyball compactifications of Einstein- 
Yang Mills theory with a cosmological constant (EYMA) and certain axi-symmetric warped 
compactifications to 6D minimal gauged supergravity; the so-called conical-GGP solutions. 
We have obtained the complete KK spectrum for the 4D spin-2 sector in the conical-GGP 
solutions, which is a step towards understanding the behaviour of gravity in codimension 
two braneworld models, as for example studied in [36]. The spin-1 and spin-0 sectors 
present large systems of coupled differential equations to be solved (five-by-five for the spin- 
1 fluctuations, eight-by-eight for the spin-0 fluctuations after truncating the branons), and 
we are able to do so in the unwarped cases by developing "rugbyball harmonics" , in analogy 
to the spherical harmonics. Along the way, we also recovered some familiar features of the 
5D Randall- Sundrum models. Our main results are summarized in the previous section. 

Previous studies have revealed that codimension- two braneworld compactifications can 
evade the traditional KK lore in several ways. For instance, in [6] it was found that the 
KK mass-gap can be decoupled from the size of the extra dimensions in the presence of 
negative tension branes, in principle allowing not only gravity but also the SM to propagate 
in large extra dimensions. This phenomenon can also be observed here. We can also now 
suggest the following. The power-law warping present in the 6D braneworlds studied here 
does not change qualitatively the physics. Moreover, models with only positive tension 
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codimension-two branes also have qualitatively the same behaviour as traditional KK com- 
pactifications. Meanwhile, the introduction of negative tension codimension-two branes can 
lead to surprising dynamics. 

As yet another example of how the physics of braneworlds in 6D can counter in- 
tuition, we have found - for special saddle-sphere compactifications with deficit angles 
6 = — 27r, —Air, ... - three massless vector fields thanks to the presence of three SU{2) 
Killing vectors in the internal manifold that are well defined everywhere outside the branes. 
Thus we see that infinitesimal isometrics are sufficient to imply massless vector fields, even 
if they cannot be integrated to genuine isometrics. All the massless modes in the models 
studied here fall into well-defined representations of the SU{2), although there are massive 
KK modes which do not. In this way we see that the massless vectors provide the gauge 
fields of an enhanced SU (2) KK gauge symmetry in the classical, low energy, 4D effective 
theory obtained by truncating to the massless sector, despite the absence of an SU{2) isom- 
etry in the background! Apparently, the low energy theory does not distinguish between a 
compactification on the special saddle-spheres and the smooth sphere. 

At the same time, as we approach the energy of the KK mass gap and incorporate 
the non-zero modes, we see that the SU{2) KK gauge symmetry is broken explicitly to 
U{1). This is because only the C/(l) is a genuine global continuous isometry of the internal 
manifold. The masslessness of the extra massless vector fields is thus not protected by any 
symmetry, and should not survive quantum corrections. Meanwhile, reaching energies far 
above the KK mass-gap, the full 6D symmetries will be restored as usual. The pattern of 
symmetry breaking and emergence that we have found within our classical approximation, 
as different energy scales are probed, is thus a novel one. 

In the model whose field content and structure corresponds to the bosonic part of 6D 
supergravity, the low-energy theory describes the graviton, the three vectors in the adjoint 
of SU{2) and two massless scalars that are SU{2) singlets. Whether the above properties 
are shared with fermionic modes is not known and their behaviour, though of interest, lies 
beyond the scope of the present paper. Meanwhile, we argued that we expect the zero-mode 
truncation to be a consistent one, at least in the aforementioned model once we remove the 
brane sources and study a non-compact smooth manifold. We thus note that this bosonic 
model is in principle a complete one, sufficient to demonstrate the unconventional dynamics 
that we have observed. It would certainly be interesting to check the consistency also in 
the presence of branes. 

This work concludes our study of the bosonic perturbations in the axi-symmetric brane- 
world solutions to 6D supergravity. We may now turn to the fermionic sector. 
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Appendix 

A General ^-Dependent Bilinear Action 

Here we give the explicit expression for the bihner action that depends on the fluctuations of 
the brane positions before any gauge fixing, that is the last two terms in ()3.32p . These 
terms have been computed by varying the brane action (j2.6p with respect to ()3.28p and by 
keeping only terms up to the quadratic order. Their explicit expression is the following 



The bulk quantities in (lATlOh and (jA.llip . that is the background metric Gmn and the 
fluctuation Hmn, ai^e computed in the background brane position. This is because (jA.llOp 
and (jA.llip come from the variation of the brane action p.6p where the bulk fields are 
computed in the brane position. 

B Spin-0 Bilinear Action in the Light Cone Static Gauge 

Here we provide the spin-0 action in the light cone static gauge defined by (I4.49P and (I4.51|) . 
This is the only part where the branons S,— appear. 

Let us start with the spin-0 action that only depends on the bulk fields. The non 
vanishing terms are the following: 




+lc''^''dpdRGMNdY^' ■ dY^ + 2fdpGMNde' ■ dv'' 

+^C^dpGMN C^OrGsq (^\dY^' ■ dV^dV^ ■ dY^ - dV^' ■ OY^dY^ ■ dY^^ 

+GmnGpr [d^^^ ■ dY^di^ ■ dY^ - 28^^' ■ di^dY^ ■ dY^) 
H^BpGunGrs [dY^' ■ dY^di^ ■ dY^ - 2dY^' ■ d^^dY^ ■ dY^)] , (A.llO) 



and 




S'-°\h,h) 
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B 



(B.112) 



where ^^^h Riemann tensor for the metric Kmn and Xc and are defined below 

Eq. (I4.53|) . We observe that in the last line of ()B.112p there is an explicit brane contribution 
(the tension of the brane T appears explicitly). Moreover, 



5(0) ( 



5(0) (y^ 



+ {-2 A' + 0') VpDrnV^ + R^VrnVn + 2gF^V^ X Vn 

2 



2' 



.tA'FP^Vrnhi + A'F^Vnh 



n"'mp 



2 \ 



r = 



' 16 

1 

2 



4k2 



T = 



\et>I^F^F^,rh^ 
' d^'X^TGe'^l^ 
^ 1 d''X^e^{e-''^^MV^,^^'V^ 



(B.113) 

(B.114) 
,(B.115) 

(B.116) 
(B.117) 



5(0) (KFa) = -"^^ I d'^XV^e'^VrnnF'- 



(B.118) 
(B.119) 



We have no mixine; of the form ^^(/i, V2) and 5(°)(r, ^2) consequence of Hmnp = (at 
the background level). We have checked that the term S^^\V,V) reduces, as it should, to 
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the corresponding action in Ref. ^ in the case in which Vm is orthogonal to the background 
gauge field. 

Let us consider now the branon-dependent action. This turns out to have the following 
forrrEl: 

^(0) (h, + (V, + 5^°^ (r, + iC, 0- (B.120) 

Therefore, the fields in general couple with some bulk fields, but these mixings are 
confined to the spin-0 action. The explicit expressions for the different pieces are 



T 
2 



I d^X^ [ 2 {j^hprn + h^^) + e-^^^drnhii] , (B.121) 

Tk^ j (fx^e'^I^F^^Vn£J^, (B.122) 

(B.123) 



/ d^Xy/^ 

1 



(B.124) 



We discuss the various singularities that can be observed in the above in Subsection 
[imi and below. 



C Spin-0 Spectrum for 6D Supergravity Compact ificat ion 

We finally analyse the (massive) spin-0 fluctuations in 6D braneworlds by using the general 
spin-0 action given in Appendix [Bl Here we discard the branons. There are different ways 
to make this truncation consistently, e.g. by introducing an orbifold that projects them 
out. In Ref. [9] such an orbifold has been defined taking into account the presence of at 
least two patches in the description of spherical topologies. Here we only use the fact that 
the orbifold action in the intersection of the two patches is 99 — > (/J -|- vr. In the absence of 
the branons the (5(0) singularities mentioned in Subsection 14.2.3) obviously disappear. We 
shall see that it is also possible to deal with the other type of singularities mentioned there 
and extract a finite spectrum. 

Here we focus on the unwarped solutions and in particular on the rugbyballs and saddle- 
spheres defined in Subsection 12. 3[ In this case we will be able to generalize the harmonic 
analysis developed in Subsection 15.2.21 to the spin-0 sector, which involves 2D tensors as 
well as 2D vectors and scalars. This technique allows us to transform complicated coupled 
differential equations into algebraic equations whose solutions can be found exactly. The 
relevant fiuctuations are hmn-, Vm, t, Vij and Vmn, where m and n run over 9 and ip. We 
observe that the fluctuations Vm orthogonal to background gauge fleld decouple to the other 
flelds and have already been analyzed in [9j; therefore here we assume Vm to be parallel to 



^^The term of the form 5^°^ (V2, C) vanishes as a consequence of H^ 
in turn follows from our background ansatz. 



= at the background level, which 
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the background gauge field. One should keep in mind that, if the branons are projected 
out by the above-mentioned orbifold, only the modes with m even survive (in the Fourier 
expansion over e*'"'^). The spin-0 action in the light cone gauge assumes the following form: 



S'-^\h,h) 



1 

4^ 



8 h r)^/)™" -I- h 



iK 



mn\l 



mn;t 



hn 



S^^\V,V) 

S^^Hh,V) 
5(0) (/i,r) 



- / <f>X^/-G[^^V^^^'V'^ + Vm■.nV" 



1 



+-Rv^v^ + y FV„y^ 



1 

4^2 



(FXV^ 



T{d' + D'-^\T 
^0 



(fXJ-G 



(V F 
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mn\2 



n T-ilm 



Vnimhi ^F' 



- / (FX^/^F^tK 



7 / (fX^V^.nF'^'^V, \ 



(C.125) 



where we have used the light cone gauge relation /i • * + = in S^^\h,h) and the 
property = G™"FV2 in S^^\V,V) and S^^\h,T), which is a consequence of (I5T71) . 

We now want to use a technique similar to that explained in the spin-1 sector, in order 
to transform the above differential problem into an algebraic one. Note that the method 
provided in Subsection 15.2.21 can be already applied to perform this transformation in the 
terms S^^\V,V), ^Wfr^r), 5(0) (F2, 1^2), S^^\V,t) and S^^\V,V2) as they only involve 2D 
scalars and 2D vectorqfj. What we have done there is to identify appropriate mass-squared 
operators from the diagonal part of the bilinear action, which are Hermitian once the HCs 
are imposed. In this way we were able to define complete sets of 2D scalar and vector 
harmonics. Then we focused on the cases in which the derivative relation, Eq. (|5.89p . 
between scalar and vector harmonics holds. That relation is what allowed us to deal with 
the derivative couplings between scalars and vectors and transform the spin-1 differential 
problem into an algebraic one, which could easily be solved. 



^The analysis of the Vmn-EOMs shows that Vmnj \/~-G is a 2D scalar. 
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Here we generalize the above procedure to include the 2D tensor fluctuations in /i^ 



Indeed, hmn can be decomposed into its trace, h^, and traceless part, /i^ 
G-mnhi '72, so that the first entry in ()C.125p decomposes into the two terms: 



m ) 



1 

8^ 
1 

4^ 



(fX^ 



-G 



h ™ 



h " 

"■n 



hmn +D''-R) fl" 



where we used the following identities: 
R 



■pmqn 



' {GpqGffin 



GmqGpn) , 



F2 



{GlhGmn ~ GmhG^ 



In) 



(C.126) 



(C.127) 



Observe that is in fact a 2D scalar field, and we can expand it in terms of the 2D scalar 
harmonics found in Subsection 15.1.21 The fluctuations hmn are instead genuine 2D tensor 
fluctuations, and the appropriate mass-squared operator is —D^ + R. Thus, we would like 
to solve the eigenproblem: 

{-D^ + R) hran = hmn, (C.128) 

with the given NCs and HCs, where /i^ are the corresponding mass-eigenvalues. 

In a general basis, Eq. (1C.128P is a set of two coupled differential equations (the traceless 
property removes one out of the three components of a rank two symmetric tensor in two 
dimensions). However, by writing down Eq. (|C.128P in the it basis defined in ()5.86p : 



-D'^ + R) h±± = filh±±, 



(C.129) 



where we used h±± = h±±, and by explicitly evaluating D'^h±±, one finds that the equations 

for and h are decoupled, like those of the /i+j and h-i fields in the spin-1 sector. 

After a long but straightforward calculation we find 



B 



f 



±± 



,.2 i-±± 



(C.130) 



where a dot represents a derivative with respect to 9 and /^^ is the wave function of h±±, 
defined by a KK expansion 



h±±{X) = ^ h±±nm{x)fnmi^)e'""^, with m = generic integer 



(C.131) 



and in (|C.130p the KK numb ers n and m are understood. The eigenvalues /x^ can be 
found by using the technique discussed in Ref. [6]: one can put the equations into the 
hypergeometric form, consider the general solution to the hypergeometric equation and 
then impose the HCs and NCs. We find 

• For Imlu; > 2 



—^2 [(n + |m|a;)(n -|- |m|ci; -|- 1) — 2] 



(C.132) 
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• For -2 < ma; < 2 

=4[(n + 2)(n + 3)-2] (C.133) 

where n = 0, 1, 2, 3, ... . In this way we have found a complete set of 2D tensor harmonics. 

We now remember that, in the spin-1 sector analysed in Subsection 15.2.21 one can gen- 
erate the 2D vector harmonics by acting with derivatives over the 2D scalar harmonics (see 
Eq. ()5.89p and the discussion right above). We can imagine that something similar happens 
here and the 2D tensor harmonics (|C.129p can be generated by acting with derivatives over 
2D vector harmonics. This is indeed the case and in order to see it let us consider the 2D 
vector harmonics for Vm'- 

("^' + f ) = (C.134) 

where are the 2D vector mass-eigenvalues. From now on we shall assume Condition 
(j5.88|) . so that fiy = jj?, with /i^ the 2D scalar mass-eigenvalues given in (|5.85|) . After some 
manipulation it is easy to show that if Vm satisfies the previous equation then we also have 

— D'^Vm-n + R{Vm-n + Vn;m) + -{R;mVn + R;nVm — GmnR^lV^) = fJ-'^ym;n, (C.135) 

where Vm;n = ym;n — GmnVi 'V^- This equation is valid for any unwarped compactification, 
but in the rugbyball case it can be simplified. Although the Ricci scalar is not constant 
everywhere like in the sphere limit as it contains delta-functions, these additional delta 
function terms can be discarded in Eq. ()C.135p because they are dominated by stronger 
singularitiej^. which emerge from D'^Vm-n- This allows us to write ()C.135p as follows: 

— D'^ym;n + RsiYm^n + V^;m) = /^^Kn;n, (C.136) 

where Rg is the Ricci scalar of the sphere = ^/tq), or, in the it basis, 

{-D^ + 2Rs) y±;± = mV±;±, (C.137) 

where we used V±-± = V±-±. Now, comparing the eigenproblems for h±± and V±-±, Eqs. 
()C.129p and (|C.137p . we see that their eigenfunctions will belong to the same orthogonal 
set provided that: 

fil = fi^ - Rs = - 8/r^ . (C.138) 

By comparing the 2D vector mass-eigenvalues, given in (j5.85p . with the 2D tensor eigen- 
values, iJ.'^ given in Eqs. (|(].132[) and (|(].133[) . we find that Condition ()(L138p is indeed true 
in the following cases: 

• For m = or |m| > 2/uj, which we denote hy \m\uj 2, with the constraint 
{n,m} /{0,0},{1,0}. 

• For |m|w = 1, with the constraint n 7^ 0. 

■^^This is a quite generic property of rugbyball compactifications 



42 



The sphere case (a; = 1), with the constramt {n, m} ^ {0, 0} , {1, 0} , {0, ±1}. This 
result is in agreement with that obtained by using the Wigner functions |31j . 



When (IC.lSSp is true a derivative relation between the 2D tensor and 2D vector wave 
functions holds: 

^±(/nm(^)e^'"^) = CTnm/^^(^)e^'"^ (C.139) 

where Cynm are normalization constants which, having chosen a convenient normalization 
for the wave functions, can be fixed to be Cynm = V/^rnm/V^- 

It remains to expand the 6D fields in the action ()C.125p into their harmonics on the 
rugbyball and integrate over the extra dimensions. Thanks to the derivative relations 
(|5.89IC.139p . and = const, the mass-squared operator reduces to an algebraic matrix 
with constant entries, which can easily be diagonalized. We note that the mass-matrix turns 
out to be well-defined despite the singularities mentioned in Subsection I4.2.3[ 

We end with the resulting spectrum for spin-0 fields (which can be trusted when Eq. 
(I(:;.138p holds). For definiteness we focus here on the 6D supergravity setup, but there 
are no problems in deriving the squared masses in the EYMA case as well. We split the 
spectrum according to the values of / = n + |m|w: 



For / = 



For Z = 1 



= 0, 0, 2, [2] 



^m2 = 2, 6, [2], [2], [2], [6] 



4 

For Z > 1 

= /^nm with multiplicity l[-|-3] 



= ^ (l + j/^nm - ^l + ^-o^^m) with multiphcity 1[+1] 
M2 = ^ (^1 + ^/i^^ + + ''o/^nm) with multiplicity 1[+1] 



where the square brackets denote helicity-0 components of higher spin fields and the remain- 
ing modes are physical spin-0 fields. We observe that there are neither ghosts nor tachyons 
and we recover the two massless fields discussed in Subsection 15.4.21 

As an effective check of the above spectrum we observe that it correctly reduces, when 
w = I, to the sphere result obtained by directly expanding the bulk fields over the Wigner 
functions [27] . 
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